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ABSTRACT
Solid particles in protoplanetary discs can grow by direct vapour deposition outside of ice lines. The presence of microscopic silicate
particles may nevertheless hinder growth into large pebbles, since the available vapour is deposited predominantly on the small grains
that dominate the total surface area. Experiments on heterogeneous ice nucleation, performed to understand ice clouds in the Martian
atmosphere, show that the formation of a new ice layer on a silicate surface requires a substantially higher water vapour pressure than
the deposition of water vapour on an existing ice surface. In this paper, we investigate how the difference in partial vapour pressure
needed for deposition of vapour on water ice versus heterogeneous ice nucleation on silicate grains influences particle growth close
to the water ice line. We developed and tested a dynamical 1D deposition and sublimation model, where we include radial drift,
sedimentation, and diffusion in a turbulent protoplanetary disc. We find that vapour is deposited predominantly on already ice-covered
particles, since the vapour pressure exterior of the ice line is too low for heterogeneous nucleation on bare silicate grains. Icy particles
can thus grow to centimetre-sized pebbles in a narrow region around the ice line, whereas silicate particles stay dust-sized and diffuse
out over the disc. The inhibition of heterogeneous ice nucleation results in a preferential region for growth into planetesimals close
to the ice line where we find large icy pebbles. The suppression of heterogeneous ice nucleation on silicate grains may also be the
mechanism behind some of the observed dark rings around ice lines in protoplanetary discs, as the presence of large ice pebbles
outside ice lines leads to a decrease in the opacity there.
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1. Introduction
Our understanding of how planets form in protoplanetary discs
proves to be insufficient already at the stage of growth from
micrometre-sized dust grains to centimetre- to decimetre-sized
pebbles. Small dust particles grow efficiently by coagulation,
but at sizes above millimetres the sticking of particles in colli-
sions is replaced by bouncing and fragmentation (Blum & Wurm
2008; Güttler et al. 2010). Furthermore, particles drift radially
inwards as they lose angular momentum due to interaction with
the pressure-supported gas orbiting with sub-Keplerian veloci-
ties (Weidenschilling 1977). This so-called radial drift barrier
affects particles in the centimetre to metre range the most, caus-
ing them to rapidly drift inwards and sublimate in the vicinity of
the central star (Brauer et al. 2008; Birnstiel et al. 2010). Despite
these hurdles in their formation path, growth to pebble-sizes has
been inferred in several star-forming regions by observations of
the spectral energy distributions of protoplanetary discs (Wilner
et al. 2005; Ricci et al. 2010; Testi et al. 2014). From a the-
oretical perspective, pebbles are also a necessary ingredient in
the further growth towards planets through the streaming insta-
bility, in which particles clump together and subsequently col-
lapse gravitationally to form planetesimals with a characteristic
size of 100 km (Youdin & Goodman 2005; Johansen et al. 2007,
2015; Simon et al. 2016, 2017; Schäfer et al. 2017; Abod et al.
2018), and for continued growth to planets by pebble accretion
(Johansen & Lacerda 2010; Ormel & Klahr 2010; Lambrechts &
Johansen 2012; Ida et al. 2016; Johansen & Lambrechts 2017).
Ice lines, locations in the disc where a certain volatile species
transitions from vapour to solid ice, have the potential to be
favourable locations for the growth of pebbles. Several factors
contribute to this. Firstly, outside the ice lines of major volatile
species the solid density increases significantly; just outside of
the water ice line located at 1–3 au, depending on the evolution-
ary stage of the protoplanetary disc (Martin & Livio 2012; Bitsch
et al. 2015), the solid density approximately doubles, improving
the conditions for fast particle growth (Lodders 2003). Secondly,
particles covered in water ice might survive, and even grow, in
collisions with ten times higher velocities than bare silicate par-
ticles (Wada et al. 2009; Gundlach & Blum 2015). However, re-
cent experiments have shown that the surface energy, which is
responsible for the ‘stickiness’ of water ice, might have been
overestimated for low temperatures (Gundlach et al. 2018; Mu-
siolik & Wurm 2019). Particles covered in CO2 ice have sticking
properties similar to silicates and hence stall their growth at an
equivalent bouncing barrier (Musiolik et al. 2016a,b). In the case
of water ice facilitating growth this gives rise to an optimal point
with favourable collisional growth in the region between the wa-
ter ice line and the CO2 ice line, situated at about 10 au (where
T ≈ 70 K) from the central star (Mousis et al. 2012), as demon-
strated by Okuzumi & Tazaki (2019). Finally, particles outside
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the ice line grow as vapour is deposited1 on them, and sublima-
tion of icy particles provides material in the form of vapour. In
this paper we focus on these two latter processes: deposition of
water vapour and sublimation of ice at the water ice line.
Early work on particle growth at the ice line includes Steven-
son & Lunine (1988), who proposed a ‘cold-finger’ effect where
the vapour reservoir in the inner disc diffuses outwards across
the water ice line and is deposited on solids outside the ice line.
They found a large enhancement of solids beyond the ice line,
but ignored dynamical processes in the disc such as the inwards
transport of solids, and also assumed homogeneous nucleation
of snowflakes followed by fast coagulation into large planetes-
imals. Cuzzi & Zahnle (2004) found an enhancement of solid
density just outside of the ice line of at least an order of magni-
tude, by considering rapid inwards drift of solids followed by a
phase of vapour diffusing back out across the ice line and being
deposited on immobile sink particles. In Ros & Johansen (2013)
we considered a more complex dynamical model, where vapour
and small ice particles are coupled to the gas and thus are sub-
ject to turbulent diffusion, and larger particles sediment towards
the midplane and drift radially inwards. By adopting a Monte
Carlo model for sublimation and deposition, icy particles were
found to grow to decimetre-sized pebbles in only a few thou-
sand years as particles drift inwards and sublimate, and part of
the resulting vapour diffuses outwards and is deposited on icy
particles outside of the ice line. However, in Ros & Johansen
(2013) we neglected the important effect of the silicate ice nu-
clei that are released upon sublimation. If water vapour can be
deposited equally well on ice and silicate surface, then the in-
clusion of these ice nuclei should greatly diminish the efficiency
of growth by deposition. Recent work that included the release
of small silicate dust grains upon sublimation of icy pebbles has
shown a pile-up of particles around the ice line. Schoonenberg
& Ormel (2017) assumed a steady inflow of pebbles into their
simulation region around the water ice line, and found a pile-
up of solids outside the ice line of at least a factor of three, and
Ida & Guillot (2016) found a significant pile-up of small parti-
cles inside the ice line due to the release of dust particles upon
sublimation of the icy mantles. However, neither of these papers
accounted for the efficiency with which the first ice layer forms
on the silicate cores, thereby ignoring an important factor that
can decrease growth significantly.
In this paper we include a distinction between the heteroge-
neous or depositional ice nucleation of water ice on a silicate
surface and the deposition of water vapour on an existing water
ice surface. Heterogeneous nucleation, which is the formation of
a new ice phase from metastable (supersaturated) vapour on an
existing substrate, can be described by classical nucleation the-
ory (CNT, Vehkamäki 2006). Ice clusters that form on a silicate
substrate readily sublimate due to their high level of curvature,
but can become stable once they grow by stochastic collisions
past a critical size. The critical cluster size and hence the nucle-
ation rate depends strongly on vapour supersaturation. Classical
nucleation theory therefore predicts that a significant supersatu-
ration is required in order for the clusters to merge and form the
first full monolayer of ice – as compared with simple deposition
where net ice growth is achieved once the saturation ratio ex-
ceeds unity. In homogeneous nucleation where new ice particles
form without the presence of a substrate, even higher supersatu-
rations are required.
1 In the astronomical literature, ‘condensation’ is often used to de-
scribe the phase transition from vapour to solid, however in this paper
we use the more technically correct term ‘deposition’ for this process.
Heterogeneous ice nucleation has been investigated exper-
imentally in the context of ice cloud formation in the Martian
atmosphere. The temperature in the upper troposphere of the
Martian atmosphere lies in the range 150–170 K and is hence
very similar to the temperature at the ice line of a protoplane-
tary disc. Iraci et al. (2010) demonstrated that the onset of het-
erogeneous ice nucleation requires significant saturation levels
at these temperatures, up to 300%. These experimental values
are two to three times higher than those yielded by classical nu-
cleation theory using a single contact angle value, although the
CNT predictions on heterogeneous ice nucleation are expected
to be highly uncertain (e.g. Vehkamäki 2006). Iraci et al. (2010)
further demonstrated that this heterogeneous nucleation barrier
exists for several types of terrestrial dust, even for clays that are
otherwise known to absorb water molecules well at higher tem-
peratures. In this paper we fit the data from Iraci et al. (2010)
using a distribution of contact angles (see Wheeler & Bertram
2012, and Appendix C) to yield a description that is more real-
istic than the traditional CNT predictions with a single contact
angle.
The potential inhibition of heterogeneous ice nucleation on
silicate dust has important implications for the growth of icy
pebbles in protoplanetary discs. We demonstrate in this paper
that icy pebbles grow to centimetre sizes by deposition of wa-
ter vapour diffusing outwards from the water ice line and that
these pebbles coexist with a population of ice-free silicate dust
particles. The need for large supersaturation has been inferred
for the heterogeneous nucleation of CO2 ice on both silicate and
water ice substrates as well (Glandorf et al. 2002) and a similar
inhibition may apply to the heterogeneous nucleation of CO ice
on a substrate of CO2 ice. We therefore speculate that some of
the dark rings observed in protoplanetary discs in millimetre-
wavelengths (ALMA Partnership et al. 2015; Andrews et al.
2016; Tsukagoshi et al. 2016; Isella et al. 2016; Cieza et al.
2017; Andrews et al. 2018) and in scattered light (van Boekel
et al. 2017) could represent a reduction in the opacity due to the
growth of icy pebbles, as proposed by Zhang et al. (2015, 2016),
and that this growth is a direct consequence of the inhibition of
heterogeneous nucleation.
The paper is organised as follows. We describe the model in
Sect. 2, including the concepts of heterogeneous ice nucleation
and depositional ice growth in Sect. 2.3, and present the results
in Sect. 3. In Sect. 4 we discuss the model assumptions and im-
plications of our results, and we conclude with our main findings
in Sect. 5. In Appendix A we describe how we model turbulent
diffusion of vapour and particles and in Appendix B how the
particle size evolution due to deposition and sublimation is mod-
elled. In Appendix C we fit the experimental data used in our
simulations within the framework of classical nucleation theory.
2. Method
We ran simulations where we included water ice, vapour, and
silicate dust particles and compared the resulting particle sizes
in a simple and a full temperature-dependent nucleation model.
In our simple model all particles have the same flux of water ice
deposition onto them - we do not differentiate between heteroge-
neous ice nucleation and continued growth by deposition. In the
full nucleation model we do distinguish between heterogeneous
nucleation and continued depositional ice growth by implement-
ing the experimental results of Iraci et al. (2010), which imply
that vapour is preferably deposited on already ice-covered sur-
faces. We want to isolate the effects of deposition and sublima-
tion in a dynamical model and therefore ignore other potential
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Table 1. Model parameters for the different runs presented in this paper. The first two columns give the model and run. The critical saturation
ratio needed for heterogeneous nucleation is given in the third column, and can be either temperature dependent, in the full temperature-dependent
nucleation model where we differentiate between heterogenous nucleation and depositional growth, or S crit, sil = 1 for the simple model where
these two processes are treated equally. The initial particle sizes, turbulent α-parameter, number of particles, and scale height for water vapour and
particles are given in Columns 4–7. The number of grid cells in the radial direction is nr = 2 × 103 for all runs.
Model Run S crit, sil ainit (cm) α np HH2O
Full temperature-dependent nucleation model Fiducial T-dep 0.1 10−3 2 × 106 0.1Hg
mm & µm T-dep 0.1 and 0.0001 10−3 2 × 105 0.1Hg
Low resolution T-dep 0.1 10−3 2 × 105 0.1Hg
Low α T-dep 0.1 10−4 2 × 106 0.1Hg
Large HH2O T-dep 0.1 10
−3 2 × 106 1Hg
Simple model mm & µm 1 0.1 and 0.0001 10−3 2 × 105 0.1Hg
growth effects, such as coagulation. Our aim is to understand
how heterogeneous ice nucleation and depositional ice growth
impacts the particle distribution in the vicinity of the ice line and
whether these processes can lead to large enough particles to fa-
cilitate further growth into planetesimals, also when we include
the abundance of potential ice nuclei in the form of silicates in
the disc.
2.1. Disc model
We set up our disc model following the minimum mass solar
nebula (MMSN) (Hayashi 1981), with temperature and gas col-
umn density profiles of
T = 280 K
( r
au
)−1/2
(1)
and
Σ = 1000 g cm−2
( r
au
)−1
, (2)
assuming a solid-to-gas ratio of Z = 0.01, and a ratio of wa-
ter vapour and ice relative to the hydrogen and helium gas
of ZH2O = 0.005. These parameters yield a water ice line at
rice ≈ 2.6 au. In this disc, particles move in response to turbulent
diffusion, sedimentation towards the midplane, and radial and
azimuthal drift, while we ignore the negligible contribution from
Brownian motion (Brauer et al. 2008). With the α-prescription
that describes the effectivity of angular momentum transfer in
turbulent motion, introduced by Shakura & Sunyaev (1973), the
turbulent diffusion coefficient of gas and small particles in a tur-
bulent disc can be expressed as
D = αcsH . (3)
The sound speed cs increases with temperature as
cs =
√
kBT
µ
, (4)
where kB is the Boltzmann constant and µ is the molecular
weight of the gas. The gas scale height H can be expressed as
H =
cs
Ω
≈ 0.033 au
( r
au
)5/4
, (5)
with Ω being the Keplerian orbital frequency. We set the par-
ticle scale height, valid also for water vapour in our model, to
Hp = 0.1H. The radial drift velocity inwards due to the pressure-
supported gas is
vd = −2 St∆v , (6)
where ∆v ≈ 50 m s−1 is the difference between the gas velocity
and the Keplerian velocity, and
St = Ωτf =
aρ•
Hρg
(7)
is the Stokes number or dimensionless friction time of the par-
ticle in the Epstein regime, with a being the particle radius, and
ρ• and ρg being the material and gas density (Weidenschilling
1977). A more detailed description of the particle dynamics in
our model is given in Appendix A.
2.2. Simulation setup
Our simulations are set up around the water ice line at rice ≈
2.6 au, with a box ranging from rmin = 2.0 au to rmax = 4.5 au.
Our model is one dimensional with nr = 2000 grid cells in the
radial direction and nθ = nz = 1 in the azimuthal and verti-
cal direction. Vapour, ice, and silicate particles are represented
by np = 2 × 105 or np = 2 × 106 superparticles, with periodic
boundary conditions being used for both solids and vapour. Each
superparticle represents a total mass of mSP, divided into a large
number of physical particles, where characteristics such as mass,
internal density, and composition are the same for all solid phys-
ical particles represented by superparticle i, similar to the models
by Ormel & Spaans (2008) and Zsom & Dullemond (2008). The
physical particles are assumed to be spherical, and at the start
of a simulation are either millimetre sized, consistent with par-
ticle coagulation outcomes (Blum & Wurm 2008; Güttler et al.
2010), or in the form of micrometre-sized dust. The particles
consist of a rocky nucleus covered by an ice mantle, with the
remaining water being distributed as vapour. This initial setup
thus mimics a scenario in which thin ice mantles form on dust
grains further out in the protoplanetary disc or in the protostellar
cloud, and drift inwards (e.g. van Dishoeck et al. 2014). The total
mass fractions in the simulation region are AH2O = Asil = 0.5%,
approximately consistent with mass fractions in protoplanetary
discs estimated from the solar nebula (Lodders 2003). We model
a turbulent disc with α = 10−3, and also include a run with
α = 10−4 for comparison; this range is motivated by observa-
tions (e.g. Pinte et al. 2016).
In Table 1 we list all our simulations, with the values of initial
particle size, turbulent α-value, number of particles, and scale
height for water vapour and particles for each run. In our full nu-
cleation model the difference between heterogeneous nucleation
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Fig. 1. Saturation ratio S = Pv/Psat for water vapour throughout the
simulation region. Black shows the initial saturation ratio and blue
shows the state after an equilibrium between vapour and ice has been
reached. The ice line location at the start of the simulation, where S
reaches unity, is marked by the grey dashed line. Initially, all particles
have a thin ice mantle, and the remaining water is distributed through-
out the simulation domain as vapour, leading to a steeply rising S . The
excess water is quickly deposited on the available solids, so that S ≈ 1
everywhere outside of the ice line, as shown for t = 10 yr.
on silicate and continued growth by deposition on an ice surface
is taken into account with a temperature-dependent S crit, sil ≥ 1,
while S crit, ice = 1. The difference between heterogeneous nucle-
ation and depositional ice growth is discussed in more details
in Sect. 2.3. We also ran a simple model, where heterogeneous
nucleation on silicate and deposition on ice are treated equally,
with the critical saturation ratio required for heterogeneous nu-
cleation and depositional growth being S crit, sil = S crit, ice = 1.
2.3. Heterogeneous nucleation, depositional ice growth, and
sublimation
In this section we discuss the concepts of heterogeneous ice nu-
cleation, or the build-up of the first monolayer of ice on bare sil-
icate particles, and continued deposition on already ice-covered
particles. A detailed description of how this is modelled is given
in Appendix B.
We are interested in the behaviour of water around the ice
line, the distance from the star where the total pressure of all lo-
cally available water molecules equals the saturated vapour pres-
sure, and its influence on particle growth in this region. The posi-
tion of the ice line is obtained naturally by comparing the partial
pressure of water Pv to the saturated vapour pressure Psat, with
the saturation ratio defined as
S =
Pv
Psat
. (8)
Vapour pressure is a function of the amount and temperature of
the available vapour and can be expressed using the ideal gas law
as
Pv =
kBT
mv
ρv (9)
0
1
2
3
4
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rit
2.0 2.5 3.0 3.5 4.0 4.5
r/au
180 160 140
T/K
Scrit, sil
Scrit, ice
rice
Fig. 2. Critical saturation ratio S crit as a function of semi-major axis
for the full extent of our simulations shown for bare silicate particles
(heterogeneous ice nucleation) in black and water-ice-covered particles
(depositional ice growth) in blue. Also shown is the ice line location,
where S = 1, as a grey dashed line. The upper horizontal axis shows
corresponding disc temperatures, increasing inwards as T/K = 280 ×
(r/au)−1/2. Critical saturation ratios for silicate in the temperature range
160 ≤ T ≤ 179 are experimental data from Iraci et al. (2010).
where kB is the Boltzmann constant, mv is the mass of a water
molecule, and ρv is the density of vapour. The saturated vapour
pressure is given by the Clausius-Clapeyron equation, and yields
radial distance S
pa
rtic
le 
siz
e 1.0
0.1
Fig. 3. Sketch of the physical processes included in our model. Ice-
covered particles (blue) grow by the deposition of vapour (red) in a
region where the saturation ratio is unity. Ice particles crossing into
a region where the saturation ratio is lower than unity sublimate and,
if they stay in this region long enough, eventually leave behind their
silicate cores (grey) in addition to the sublimated vapour. Bare dust
grains cannot acquire a new ice mantle since the saturation ratio does
not reach the critical saturation ratio required for heterogenous nucle-
ation. Dynamical processes are represented by grey arrows, with the
left-directed arrows representing the size-dependent radial drift, and the
arrows pointing to the right representing the outwards-directed part of
the turbulent diffusion. Collisions are not included in this model.
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Fig. 4. Particle growth for the fiducial full temperature-dependent nucleation model, where we include the influence of both depositional growth
and heterogeneous nucleation on silicate dust. Upper panel: particle sizes as a function of semi-major axis at t = 10, 100, and 1000 years. Ice-
covered particles are shown as blue filled circles, with sizes proportional to the actual particle sizes, and the bare millimetre-sized silicate particles
are shown in black. Lower panel: saturation ratio at corresponding times, where the black line is a smoothed average of the saturation ratio in each
grid cell, shown in red. Growth takes place in a narrow region outside the ice line at rice ≈ 2.6 au, with particles reaching centimetre sizes in 1000
years. Particle growth at larger r is the result of vapour deposition at the start of the simulation.
Psat = 6.034 × 1012 g cm−1 s−2 × e−5938K/T (10)
using experimentally determined material constants for water
(Haynes et al. 1992). Higher saturated vapour pressures are ex-
pected over nano-crystalline ice, crystallised from amorphous
ice at low temperatures (below T ≈ 160K), however the exact
value of S does not change the qualitative outcome of our model
(Nachbar et al. 2018). For a system with water vapour and water
ice, S = 1 means that the vapour is saturated, which is equiva-
lent to having an equilibrium between the two phases. For S > 1
any available vapour will be deposited and for S < 1 sublima-
tion will take place to restore S = 1, if there is any ice available
to sublimate. In Fig. 1 we show the saturated vapour pressure as
a function of semi-major axis in our simulation region, with the
position of the ice line rice ≈ 2.6 au, where S = 1, marked. At
t = 0, there is an excess of vapour in the colder part of the region
that gives a saturation ratio steeply increasing with semi-major
axis. This vapour is quickly deposited on available surfaces and
a saturation ratio of 1 is maintained outside the ice line, as is
shown in the data for t = 10 yr.
Above, we have outlined a simple deposition and sublima-
tion scenario, where we ignore the difference between hetero-
geneous nucleation, or the build-up of the first ice layer on a
silicate particle, and continued depositional growth, when an ice
mantle is already formed. In this simple model, we assume wa-
ter vapour to be deposited on any available surface when S > 1,
since the critical saturation ratio for deposition S crit is equal for
ice-covered and bare silicate particles with S crit, ice = S crit, sil = 1.
Thus, in any grid cell where S > 1, water vapour is rapidly de-
posited to give thin ice mantles on as many of the available par-
ticles as possible, without differentiating between bare and icy
particles, until equilibrium is reached.
In the more realistic scenario considered here, we take into
account that it is energetically favourable for vapour to be de-
posited on an already ice-covered surface, as compared to build-
ing up the first monolayer of ice on a silicate particle. In our full
nucleation model we do this by implementing experimental re-
sults of deposition on different surfaces, with S crit, ice = 1 and
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S crit, sil being temperature dependent. Iraci et al. (2010) found
S crit, sil = −0.0626T + 13.0 (11)
for the temperature range around the ice line, 160 K ≤ T ≤
179 K. As the exact form of the curve outside of this temperature
range does not impact the outcome of our model, we extrapolate
this result to lower and higher T , without allowing the critical
saturation ratio to decrease below unity. Thus, we use
S crit, sil =
{−0.0626T + 13.0 T < 208 K
1 T ≥ 208 K (12)
to cover the full range of temperatures in our simulations. We
use data for silicon, which has similar deposition properties to
silicate dust present in protoplanetary discs. In our model, het-
erogenous nucleation always results in an ice mantle covering
the whole particle and, similarly, continued depositional growth
results in a symmetric growth of the icy mantle so that particles
are always spherical. We have also fitted data for Arizona Test
Dust, a silicate material, from Iraci et al. (2010) using CNT with
a distribution of contact angles (Wheeler & Bertram 2012), to
yield a relationship between the critical saturation ratio and tem-
perature in Appendix C. In Fig. 2 we show the critical saturation
ratios obtained by Iraci et al. (2010) for ice-covered and bare
silicate particles as a function of semi-major axis and tempera-
ture throughout the simulation region. The water ice line, where
S = 1, is also shown. Since S crit, sil > S crit, ice everywhere out-
side the ice line, the supersaturation needed for heterogeneous
nucleation is always at least twice that of continued deposition.
Comparing Figs. 1 and 2 we see that the critical saturation ratio
for heterogeneous nucleation is higher than the actual saturation
ratio everywhere outside the ice line at t > 0. After the initial
settling of vapour we therefore expect deposition on ice-covered
particles, but no significant heterogeneous nucleation on bare sil-
icate grains.
3. Results
We ran and compared the results from our full temperature-
dependent nucleation model and our simple model, with all the
parameters that were varied shown in Table 1. Figure 3 gives an
overview of the physical processes included in our model.
3.1. Particle growth including heterogeneous ice nucleation
and depositional growth
In Fig. 4 we show the state of the radial distributions of sizes and
saturation ratio of the fiducial full nucleation model at 10, 100,
and 1000 years. We started the simulation with millimetre-sized
silicate cores covered by icy mantles randomly distributed across
the simulation domain.
As the simulation evolves, sublimation of the icy mantles
provides the region inside of the ice line with vapour that can
diffuse outwards and be redeposited on solid particles. Three re-
gions can be identified. In the innermost part, where Pv < Psat,
no net deposition takes place and the icy mantles effectively
sublimate as particles drift inwards. Outside of this region the
vapour pressure is high enough for vapour to be deposited on
ice, but not yet high enough for heterogeneous nucleation to take
place, with Psat < Pv < Pnuc. Therefore we can find both bare sil-
icates and quickly growing ice particles in this region. The bare
silicates diffuse outwards as time progresses, whereas the large
ice particles are more prone to inwards drift. In the outermost
2000 4000 6000 8000 10000
t/yr
0.1
1.0
a
m
ax
/c
m
 
fiducial
low res
low α
large HH2O
Fig. 5. Particle growth as a function of time in the full temperature-
dependent nucleation model, with the nominal run shown as a black
line. The largest particles reach centimetre sizes within a few 1000
years, and stay centimetre sized throughout the simulation. For com-
parison we also show a low-resolution run (np = 105) in blue, and a
run with low turbulence (α = 10−4) in red, both of which are in agree-
ment with the nominal run. A run with a larger vapour scale height,
HH2O = Hg, is shown in yellow.
2000 4000 6000 8000 10000
t/yr
0.01
0.10
1.00
a
m
ax
/c
m
 
full, bare dust
full, icy dust
simple
Fig. 6. Comparison of particle growth in the full temperature-dependent
nucleation model and in the simple model, when including both
micrometre-sized silicate grains and millimetre-sized ice-covered peb-
bles. In the simple model, shown in red, we ignore the difference be-
tween the critical saturation ratios needed for heterogeneous nucleation
and vapour deposition. Vapour is then deposited on the micrometre-
sized dust grains where most of the surface area resides, and the
millimetre-sized particles do not grow. In the full nucleation model, de-
noted by a black line for initially bare dust and a blue line for initially
ice-covered dust, heterogeneous ice nucleation of vapour on bare sili-
cate particles is not possible, as the supersaturation required for hetero-
geneous nucleation is never reached. As a result, the icy pebbles grow
quickly from millimetre to centimetre sizes.
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Fig. 7. Particle sizes at t = 1000 yr when starting from micrometre-sized and millimetre-sized icy particles. The micrometre-sized bare silicate
grains are shown in black, and ice-covered particles in blue. Panel a: results from the full temperature-dependent nucleation model, in which
the critical saturation ratio for heterogeneous nucleation is higher than for vapour deposition. Although a large amount of dust is present, the
suppression of heterogeneous nucleation allows for growth only of the ice-covered particles, which quickly reach centimetre sizes. Panel b:
results from the simple model, in which we ignore that a higher critical saturation ratio is needed for heterogenous nucleation than for vapour
deposition. For micrometre-sized particles, growth by vapour deposition dominates, whereas for millimetre-sized pebbles the dominating process
is sublimation. Thus, the available vapour is shared between the large amount of dust grains present, and larger particles do not grow.
part of the simulation domain, Psat < Pv < Pnuc just as in the
second region. However, due to the efficiency of the deposition
process, most vapour is deposited on ice particles already in the
second region, leaving only a small amount of vapour to be de-
posited on the particles in the outer part, resulting in a negligible
particle growth here.
Vapour diffusing outwards across the ice line is rapidly de-
posited on ice particles. Some of these icy particles subsequently
cross back across the ice line and sublimate there, while others
diffuse outwards towards the colder regions of the disc. The ra-
dial distribution of ice particles nevertheless does not spread as
a Gaussian, due to the destructive boundary condition at the ice
line.
The corresponding maximum particle size as a function of
time is shown in Fig. 5. Particle growth continues efficiently up
to a centimetre, where the system settles in an equilibrium be-
tween growth and inwards drift and sublimation across the ice
line. For comparison, we also include a low-resolution run with
np = 2 × 105 particles, and a run with α = 10−4, corresponding
to a less turbulent system, both of which are consistent with the
fiducial model.
Throughout this paper we set the scale height for dust and
vapour to 0.1Hg, assuming that the deposition timescale is
shorter than the timescale to diffuse out over a full gas scale
height, giving a vertical water distribution outside of the ice line
that is shaped by the sedimenting pebbles. For comparison, we
have included a run in Fig. 5 where we instead assume instan-
taneous redistribution of water vapour and dust over the entire
gas scale height at sublimation, setting HH2O = Hg. Even in this
case, icy pebbles grow, however the resulting maximum particle
sizes are reduced by a factor of two compared to the nominal
case.
3.2. Comparing the simple model and the full nucleation
model
In Fig. 6 we compare particle growth for the simple and full
temperature-dependent nucleation model. We started these sim-
ulations with two populations of particles, millimetre-sized peb-
bles consisting of a micron-sized silicate core and a thick ice
mantle, and micrometre-sized dust, where the grains are covered
by thin ice mantles. This is to highlight the effect that dust in
discs has on inhibiting growth to larger sizes. For the full nucle-
ation model we ran two versions, one where all dust grains are
covered by thin ice mantles (1% of the radius of a silicate grain)
already at the start of the simulation, and one where dust parti-
cles are introduced as bare silicate grains. However, in the latter
case the excess vapour gives a vapour pressure in the beginning
of the simulation that is high enough also for nucleation on bare
silicates everywhere where deposition is possible, except for in
the region 2.6 au . r . 2.7 au. Thus the two cases give simi-
lar results, with both mimicking an inflow of icy dust from the
outer disc. In the simple scenario, the maximum particle size
does not increase from the initial ainit = 1 mm, since most of the
surface area is made up of small dust grains and consequently
all the vapour is deposited on the dust, leading to a very small
growth of individual particles. In the full nucleation model, how-
ever, heterogeneous nucleation on dust particles requires a satu-
ration ratio significantly above unity, as can be seen in Fig. 2,
whereas depositional growth of ice-covered particles takes place
as soon as S > 1. As is clear from Figs. 1 and 4, the saturation
ratio never reaches much above unity, which means that vapour
mostly is deposited on icy surfaces instead of nucleating on bare
silicate dust. The silicate dust that is left after sublimation of
icy pebbles crossing the ice line will thus remain bare, whereas
deposition takes place only on the remaining icy particles. This
results in an efficient growth, not affected by the abundance of
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Fig. 8. Mass-weighted particle size distribution for the full temperature-dependent nucleation model (blue) and the simple model (red), for three
radial sections of the simulation domain. A black dotted line shows the initial state, where the mass is divided equally between micrometre-sized
particles with a thin ice mantle and millimetre-sized particles consisting of a micrometre-sized silicate nucleus and a thick ice mantle. The mass
in solids in each radius bin and in the full simulation region is denoted by mbin and mtot, respectively. (a) In the region interior to the ice line,
sublimation dominates and thus all solids at t = 1000 yr are in the form of bare, micrometre-sized dust grains, regardless of the model. (b) Particle
growth in the region around the ice line is model dependent: In the full model both dust and pebbles grow, with a significant fraction reaching
centimetre sizes, whereas in the simple model mainly micrometre-sized particles grow, reaching sizes of at most a few microns. (c) In the outer
region, particle growth is inefficient for both models and the size distribution here is instead set by inwards drift of millimetre-sized particles and
turbulent diffusion of micrometre-sized dust.
dust grains present, with ice particles reaching centimetre sizes
in 1000 years, similar to in Fig. 5.
A snapshot at t = 1000 yr, comparing the full nucleation
model and the simple model, is shown in Fig. 7, where a) is the
full nucleation model and b) is the simple model. In both models,
the particle population just below a millimetre is due to partial
sublimation of ice mantles of the initially millimetre-sized parti-
cles, whereas the particle populations consisting of particles just
above a micrometre and, for the full model, above a millimetre,
are due to growth by vapour deposition and nucleation.
We show the mass-weighted particle size distribution in the
whole simulation domain, divided into three radial sections, in
Fig. 8. In the inner and outer regions, both models behave simi-
larly. Inside the ice line, sublimation of ice mantles gives a dom-
inating population of bare dust grains, and in the outer part of the
simulation region, particle growth by nucleation and deposition
is inefficient since vapour released at the ice line is deposited lo-
cally. The particle population in the outer region is therefore set
mainly by dynamics: millimetre-sized particles tend to drift in-
wards, whereas turbulent diffusion allows micrometre-sized dust
grains to move outwards. In the region around the ice line at
rice ≈ 2.6 au, the models behave distinctly different with the in-
hibition of nucleation in the full model allowing growth of icy
particles to proceed to large sizes, whereas in the simple model
vapour is mainly deposited on the large surface area represented
by micrometre-sized dust grains.
4. Discussion
4.1. Model assumptions
In this paper we have focused on investigating particle growth
due to deposition and sublimation around the water ice line in
a dynamical model. We have included the important layering
of ice particles, with a silicate nucleus and an icy mantle, and
taken into account the difference between heterogeneous nucle-
ation, or the build-up of the first monolayer of ice, and contin-
ued depositional growth on already ice-covered particles in our
full temperature-dependent nucleation model. In order to isolate
these effects, our model has a number of simplifications and as-
sumptions that we will discuss in this section.
Disc evolution We model a protoplanetary disc in a fixed state,
and do not take the time evolution of the disc and ice line into
account. As the timescale of growth by deposition is very short,
τdep ≈ 1000 yr, compared to the lifetime of the disc of a few
million years, we find this a reasonable assumption. The ice line
can also move outwards during time periods as short as a few
years due to stellar outbursts such as FU Orionis events (Cieza
et al. 2016), leaving a region of supersaturated vapour that can be
redeposited and build up large icy pebbles, as suggested by Hub-
bard (2017). In a future work we will investigate such a scenario
in more detail.
Initial particle size We start our simulations with millimetre-
sized pebbles, and in some cases micrometre-sized dust, with
the size of the pebbles motivated by experiments on particle co-
agulation (Blum & Wurm 2008; Güttler et al. 2010). However,
this maximum size can be seen as a conservative choice, as drift-
limited growth is suggested to yield centimetre-sized aggregates
for a disc model comparable to ours (Birnstiel et al. 2012). We
found that increasing the initial maximum particle size in our
model does not change the relative particle growth, with the
largest resulting particles having radii approximately one order
of magnitude larger than the initial maximum particle size.
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Particle collisions We do not include collisions between parti-
cles in our model, which means that particle sizes are set only
by deposition and sublimation after the initial state of the simu-
lation. Typically, laboratory experiments and simulations of co-
agulation find maximum particle sizes of a millimetre, which
is consistent with the size of ice nuclei in our simulations. The
number and outcome of collisions, however, is important not
only for setting the maximum particle size available, but also
for determining the distribution of particle sizes arising from
fragmenting collisions. The particle size distribution, in turn, af-
fects the deposition growth outcome. Depending on the relative
distribution of solid surface area between small and large parti-
cles, deposition can result in thin ice mantles spread over many
small dust particles in the case of a dominating fraction of small
particles, or thicker mantles and growth to larger sizes in the
case of most surface area being provided by larger particles. The
size distribution outcome of particle collisions in an equilibrium
between coagulation and fragmentation can be described by a
power law giving the number density distribution as
dn
da
∝ a−q , (13)
where n is the number of particles and a is the particle radius.
Here q = 3 gives equal surface in equal logarithmic size in-
tervals, which implies that deposition takes place on all grain
sizes, whereas q > 3 leads to a scenario where most vapour is
deposited on the small fragments. The steady state solutions of
Birnstiel et al. (2011) yield various outcomes in terms of the
size distribution of the solids; under some assumptions the sur-
face area is dominated by small grains and under others by large
grains. Our results are valid both in cases where fragmentation
can be ignored and when it leads to a top-heavy size distribu-
tion. We note that our ice particles grown by vapour deposition
will take the form of solid crystalline ice and that such mono-
lithic particles should have very different fragmentation proper-
ties from the aggregates considered in Birnstiel et al. (2011).
As we do not account for collisions, we also ignore sintering,
the effect by which dust grains can fuse together at temperatures
just below sublimation (e.g. Sirono 1999). This process can re-
duce the sticking efficiency of dust and has therefore also been
shown to lead to disc structures with observable dark and bright
rings in the vicinity of ice lines (Okuzumi et al. 2016).
Particle structure We assume spherical particles that consist of
a silicate nucleus and acquire an icy mantle when heterogeneous
nucleation of water vapour takes place. A more complex model
including for example porosity, dust aggregation, and different
ice nuclei compositions is beyond the scope of this paper, as is
the inclusion of active sites, local features on the particle sur-
face where ice growth starts (Kiselev et al. 2017). Although all
of these factors likely are of importance for heterogeneous ice
nucleation and ice growth, we would expect such effects to be
important only for a small fraction of the particles and hence
that this will not change the qualitative outcome of our model.
Kelvin curvature effect The spatial separation of ice-covered
pebbles and bare silicate dust in the disc that we find in this paper
is due to the higher saturated vapour pressure required for the
onset of heterogeneous nucleation on silicate. This effect would
be even more pronounced if the dependence of deposition on
particle size were taken into account. The Kelvin curvature effect
is the increase in saturated vapour pressure due to the curvature
of the substrate, and yields
Ps,i = Ps,0 exp(aK/ai), (14)
with the Kelvin radius
aK =
2γSVm
RT , (15)
where γS is the ice-vapour surface tension, Vm is the molar vol-
ume, and R is the universal gas constant. This is approximately
0.6 nm for water ice, and hence the saturated vapour pressure
over a micron-sized grain is 0.1% higher than over a flat surface.
The growth rate by deposition and sublimation is
m˙ = 4pia2 vth ρv
(
1 − Psat
Pv
)
, (16)
where vth is the thermal velocity of vapour. Assuming spherical
particles and writing S = Pv/Psat we can rewrite the growth rate
in terms of radius as
a˙ = vth
ρv
ρ•
(1 − S −1) . (17)
At S = 0.999 felt by micron-sized grains, the rate at which the
ice mantle is lost by sublimation is 10−12 m/s at the ice line,
where ρv = 10−8 kg m−3. Micron-sized grains near the water ice
line thus lose their ice mantles after only 106 s, or a few days,
while grains of 0.1 mm can retain their ice mantles for 108 s, that
is, several years. Small ice grains are therefore not efficient at
‘stealing’ water vapour, since they quickly lose their ice mantles
even if S is high enough for heterogeneous ice nucleation to take
place.
4.2. Implications and future work
We find that solids are divided into two different populations
at the ice line. Just outside the ice line the mass is domi-
nated by fast-growing icy pebbles that reach centimetre sizes
on a timescale of 1000 years, whereas particles stay small and
silicate-heavy further out from the ice line. The growth of icy
pebbles in narrow regions around ice lines could be consistent
with some of the observations of ringed structures in several
protoplanetary discs (ALMA Partnership et al. 2015; Andrews
et al. 2016; Isella et al. 2016; Tsukagoshi et al. 2016; Cieza et al.
2017; van Boekel et al. 2017; Andrews et al. 2018). In the disc
around HL Tau, emission dips coinciding with major ice lines
were found (ALMA Partnership et al. 2015), and interpreted by
Zhang et al. (2015) as the result of fast pebble growth due to de-
position of volatiles. The innermost dip in the disc of HL Tau at
r ≈ 13 au corresponds to the water ice line at r ≈ 2.6 au in our
model, with the temperature profiles differing due to the high ac-
cretion rate of HL Tau, estimated to M˙ ≈ 10−7 M yr−1 (Beck
et al. 2010).
In several discs such emission dips have been found to match
the location of the CO ice line at around 30 au with Tcond ≈ 20 K
(Zhang et al. 2016). Although in this paper we focus on the water
ice line at rice ≈ 2.6 au, we expect similar behaviour at other ice
lines. Our model can be extended to include other volatiles, with
the same principles applying further out in the disc, where the
CO2 ice line at about 10 au with Tcond ≈ 70 K is the next major
one outside of the water ice line. Just as for the water ice line, we
here need to distinguish between heterogeneous nucleation and
further depositional growth, since experimental evidence shows
that a higher saturation ratio is required for CO2 vapour to nucle-
ate on water ice than for it to be deposited on particles already
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covered by CO2-ice (Glandorf et al. 2002; Nachbar et al. 2016).
Applying our model to ice lines further out in the disc will be the
subject of future investigations.
A few emission dips have been suggested to be a result of
dynamical clearing by growing planets (Isella et al. 2016; Cieza
et al. 2017). This would be a natural second step of the fast peb-
ble growth at ice lines that we report here, in agreement with ear-
lier studies showing that growth to planetesimals is facilitated at
ice lines (Ros & Johansen 2013; Schoonenberg & Ormel 2017;
Dra¸z˙kowska & Alibert 2017).
The separation of growing icy particles and silicate-
dominated dust could also explain the low water content in
comets that has been found by analysing cometary interiors
(Küppers et al. 2005). The large icy pebbles in our model do
not readily diffuse outwards as the turbulent diffusion is counter-
acted by radial drift inwards. However, the small dust grains are
not as affected by drift and can therefore diffuse outwards in the
disc. This could result in a large-scale separation of water and
silicates, where the water content of the disc increases close to
the ice line and decreases in the outer parts of the disc, leaving
less water available in the cold regions where comets are formed.
We will explore this separation of ice and silicates further in fu-
ture global simulations run over a longer timescale.
5. Conclusions
In this paper we have investigated heterogeneous ice nucleation
and vapour deposition at the water ice line, and included two
important effects previously often ignored when modelling dust
growth in protoplanetary discs: the release of dust grains upon
sublimation of icy particles and the distinction between hetero-
geneous nucleation of the first ice layer on a silicate particle and
continued depositional growth of already ice-covered particles.
Small dust grains can in principle function as ice nuclei,
competing with the growing icy pebbles for the available wa-
ter vapour, resulting in a small net growth by deposition. This
scenario is demonstrated in our simple model, where we do not
make the important distinction between heterogeneous nucle-
ation and further depositional ice growth. In such a simplified
model the competition between the abundant dust and ice grains
results in negligible particle growth.
However, experiments on heterogeneous ice nucleation, per-
formed to understand ice cloud formation in the Martian atmo-
sphere and applicable to protoplanetary disc conditions, have
shown that a substantially higher water vapour pressure is
needed for the first ice layer to form, as compared to continued
deposition of water vapour on ice (Iraci et al. 2010). Implement-
ing these experimental results leads to a scenario where icy par-
ticles can efficiently grow to pebble-sizes, whereas silicate dust
particles stay small and without ice mantles. This is shown in
our full temperature-dependent nucleation model, where we find
that solids are divided into two populations at the ice line. Just
outside the ice line the mass is dominated by icy pebbles, grow-
ing to centimetre sizes on a timescale of 1000 years, whereas
micron-sized silicate dust makes up the largest part of the mass
further out in the disc.
Our model highlights growth by vapour deposition and we
have ignored changes to particle sizes by other means, most
importantly coagulation and fragmentation. A fundamental as-
sumption in this model is that the large pebbles that grow outside
the ice line do not create a large population of fragments that
would dominate the total surface area. We argue that these peb-
bles are monolithic condensates and that such particles in con-
trast to aggregates would not readily form small fragments in
collisions. However, verifying these results in a complete dust
coagulation model, including coagulation, fragmentation, and
the distinction between heterogeneous ice nucleation and vapour
deposition is an important future extension of this work.
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Appendix A: Turbulent diffusion
The turbulent diffusion of particles accelerated by drag from the
turbulent gas can be mimicked by a random walk process. In Ros
& Johansen (2013) we let the particles move with the turbulent
speed vt =
√
αcs, in the direction θ relative to the radial direction,
over the correlation time τcor = Ω−1. However, such an approach
implies that the particles move in straight trajectories over sev-
eral grid cells before their direction of travel is changed instanta-
neously. In this paper we instead achieve the desired value of the
turbulent diffusion coefficient by forcing the acceleration of the
particles on the timescale τfor and damping the turbulent particle
velocity on the correlation timescale τcor. The acceleration of the
turbulent velocity field (vx, vz) is given by
v˙x = f cos θ − 1
τcor
vx , (A.1)
v˙z = f sin θ − 1
τcor
vz . (A.2)
Here x denotes the radial direction and z the vertical direction
in the protoplanetary disc. This equation system describes a
damped random walk, with forcing acceleration f and with θ
chosen randomly between 0 and 2pi every forcing time τfor. The
velocity field will achieve statistical equilibrium at the charac-
teristic value (see discussion in Johansen et al. 2009)
vt ∼ √τforτcor f . (A.3)
The correlation time of the velocity field, that is, the timescale
over which a particle maintains a coherent direction, will be ap-
proximately τcor. This will result in a turbulent diffusion coeffi-
cient of the particles of
D =
v2t
τcor
. (A.4)
This expression only contains the correlation timescale τcor, not
the forcing timescale τfor. Therefore we can choose any forcing
timescale with the appropriate forcing
f =
2vt√
τforτcor
. (A.5)
We multiply here the forcing by a factor of two, in order to obtain
an equilibrium value of vt in better agreement with the desired
value. We choose the forcing timescale to be equal to the time-
step of the code in order to have smooth particle trajectories and
to avoid the additional bookkeeping involved in choosing longer
time-steps. Setting then vt =
√
αcs and τcor = Ω−1 yields the
desired diffusion coefficient
D = αc2sΩ
−1 . (A.6)
We show in Fig. A.1 the components of the turbulent veloc-
ity arising from the damped random walk model as well as the
squared width, σ2, of the positions of 1000 particles undergoing
a damped random walk. The squared width follows the diffusion
coefficient through the expression
σ2 = 2Dt . (A.7)
We find excellent agreement between the measurement and the
analytical expression.
The diffusion operator on a passive scalar ρp appears as
ρ˙p =∇ ·
[
Dρg∇
(
ρp
ρg
)]
, (A.8)
where ρp and ρg are the particle and gas density, respectively.
Writing out in two terms for constant D yields
ρ˙p = D∇2ρp −∇ ·
(
Dρp∇ ln ρg
)
. (A.9)
The first term is mimicked by the damped random walk de-
scribed above. However, that term in isolation would yield con-
stant ρp in equilibrium. In reality turbulent diffusion strives to-
wards constant ρp/ρg; this is ensured by the second term in Eq.
(A.9). We therefore add an additional speed to the particles,
vdiff = D∇ ln ρg. The gradient of the gas density can be cal-
culated directly from the gas density structure
ρg =
Σg√
2piH
exp[−z2/(2H2)] . (A.10)
Setting Σg and cs = HΩ as power laws with index qΣ and qc
yields the logarithmic gradient
∂ ln ρg
∂r
=
1
r
[( z
H
)2
(qc + 1.5) + qΣ − (qc + 1.5)
]
, (A.11)
∂ ln ρg
∂z
= − z
H2
. (A.12)
Appendix B: Scheme for sublimation and
deposition
We describe here our algorithm to solve the growth equation for
the mass mi of particles in swarm i,
m˙i = 4pia2i v⊥ (ρv − ρs) . (B.1)
Here ai is the particle radius, v⊥ is the average speed of water
vapour flowing through a surface, ρv is the vapour mass density,
and ρs is the saturated vapour density of water at the environ-
mental temperature. The water vapour speed is
v⊥ =
√
kBT
2pimv
. (B.2)
In terms of radius, this gives
a˙i =
v⊥
ρ•
(ρv − ρs) . (B.3)
Here ρ• is the material density and we assumed spherical par-
ticles. Mass conservation implies that the total density ρtot =
ρv + ρp (where ρp is the mass density of solid particles) is con-
served in sublimation and deposition processes. Therefore we
can rewrite the growth equation as
a˙i =
v⊥
ρ•
(
ρtot − ρp − ρs
)
. (B.4)
Now we write ρp in terms of ai in order to close the system. That
yields
a˙i =
v⊥
ρ•
ρtot −∑
j
(4pi/3)ρ•a3jn j − ρs
 . (B.5)
Here ni is the number density of particles represented by swarm
i. This simple-looking equation actually represents N mutually
coupled non-linear differential equations. However, we note that
the right-hand side is shared between all the equations, since the
index j only appears under the summation. Hence we can write
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Fig. A.1. Velocity components and squared width of particle positions in the damped random walk model. Left panel: radial and vertical velocity
components resulting from the damped random walk model. The turbulent speed vt =
√
αcs is indicated with a blue circle and the mean measured
speed with a black circle. Right panel: square of the standard deviation of the x-position of 1000 particles undergoing a damped random walk
(black line). We compare to the squared ensemble width from the desired diffusion coefficient D = αc2sΩ
−1.
ai(t) = a0i + ∆a(t), where ∆a(t) is independent of i. The growth
equation for ∆a becomes
∆˙a =
v⊥
ρ•
ρtot −∑
j
(4pi/3)ρ•(a0 j + ∆a)3n j − ρs
 . (B.6)
This equation can be solved by separation of variables,
d∆a
f (∆a)
= dt . (B.7)
Here f (∆a) is a third order polynomial in ∆a whose coefficients
are easily calculated. We expand f (∆a) in terms of its three roots
α1, α2, α3 as
f = C3(∆a − α1)(∆a − α2)(∆a − α3) . (B.8)
Here C3 is the coefficient in front of the (∆a)3 term. We further-
more expand the inverse polynomial as
1
f
=
1
C3
(
β1
∆a − α1 +
β2
∆a − α2 +
β3
∆a − α3
)
. (B.9)
The coefficients β1, β2, and β3 are obtained by matching the coef-
ficients of the polynomial and solving a linear equation system.
Now we may integrate the inverse growth equation (left-hand
side from 0 to ∆a and right-hand side from 0 to ∆t) to obtain
1
C3
[
β1 ln
(
∆a − α1
−α1
)
+ β2 ln
(
∆a − α2
−α2
)
+ β3 ln
(
∆a − α3
−α3
)]
= ∆t .
(B.10)
This equation now connects ∆t and ∆a algebraically. Unfortu-
nately the equation is transcendental in ∆a(∆t), but it can be
solved numerically by bisection. This way we can solve for de-
position and sublimation locally in a grid cell along the analyti-
cal curve and avoid time-stepping. The situation is nevertheless
made more complicated by the presence of a silicate core in each
solid particle. We take the core radius ac to be constant for all
particles species, generally 1 mm. However, at sublimation we
are not allowed to integrate past the core radius. In that case we
integrate until the first grain is bare and then exclude this grain
from the subsequent sublimation integration and so on with the
following grains.
Appendix C: Heterogeneous ice nucleation and
classical nucleation theory
Experimental data by Iraci et al. (2010) for the critical saturation
ratio S crit as a function of the nucleation temperature Tnuc used in
the simulations are here fit within the framework of classical nu-
cleation theory (CNT, Pruppacher et al. 1998; Seinfeld & Pandis
2012) .
Under the simplifying assumption of heterogeneous ice nu-
cleation taking place on a flat surface, we derive
S crit(Tnuc;α) = exp
[
f (α)
a · b · T 3nuc
]
, (C.1)
with the geometric term f (α) = (2 + cos(α))(1 − cos(α))2/4 de-
pending on the contact angle α and constants a := −k ln (J/J0)
and b := 3R
2 ρ2
16 piM2 ζ , where k = 1.38064852 · 10−23 J K−1 is the
Boltzmann constant, J = 1 cm−2 s−1 the nucleation rate thresh-
old chosen, J0 = 1016 cm−2 s−1; R = 8.314 J mol−1 K−1 is the
universal gas constant, ρ = 0.92 g cm−3 the mass density of
ice, M = 18.015 g mol−1 the molar mass of H2O, and ζ =
1.065 · 10−5 J cm−2 the vapour-ice surface tension.
Wheeler & Bertram (2012) have shown that deposition nu-
cleation on mineral dust particles can be described by extensions
of CNT, among them a model employing a distribution of con-
tact angles (PDF-α CNT) (Lüönd et al. 2010; Marcolli et al.
2007), rather than by CNT with a single contact angle α. Taking
the PDF-α CNT approach, we assume a Gaussian distribution
of contact angles φ(α; µ, σ) (normalised on [0, pi]), calculate the
expectation value
〈S crit〉α(Tnuc; µ, σ) =
∫ pi
0
S crit(Tnuc;α)φ(α; µ, σ)dα , (C.2)
and use Eq. C.2 to fit the experimental data for Arizona Test
Dust reported by Iraci et al. (2010) with mean µ and standard
deviation σ of the angle distribution function as free parameters.
The result of the least-squares fit is shown in Fig. C.1.
The parameters obtained from the fit, µ = 0.0◦ and σ =
23.2895◦, are found to favourably compare to those obtained
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Fig. C.1. Critical saturation ratio as a function of nucleation tempera-
ture for Arizona Test Dust (Iraci et al. 2010).
by Wheeler & Bertram (2012) for kaolinite (µ = 0.0◦ and
σ = 54.14◦) and illite (µ = 35.43◦ and σ = 14.64◦).
We note that, although the PDF-α CNT reproduces the right
order of magnitude of supersaturation (s := S − 1 ∼ 100%),
the temperature dependence of the theoretical description is too
weak when compared to the experimental data. This is due to the
functional form derived from CNT and does not depend on the
fitting parameters. Furthermore, deviations of this kind are to be
expected as it is well known that CNT generally fails to capture
the temperature dependence of the nucleation rates (Vehkamäki
2006; Vehkamäki & Riipinen 2012). While the theory detailed
above describes the data qualitatively, we stress that CNT-based
descriptions often yield unrealistic results due to oversimplifica-
tions in the theory’s basic assumptions. Advanced theoretical de-
scriptions are generally more reliable but more complex or com-
putationally costly (Napari et al. 2010; Olenius et al. 2018).
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